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Abstract

Given two symbolic matrices X and Y of dimensions m X n and
n X m, respectively, the rank principle states that when m = n +
1 and A is a scalar matrix of rank n + 1, the equation XY = A
is unsatisfiable. When m is arbitrarily larger than n and A has
rank exceeding n, we obtain the weak rank principle. We study this
principle as an algebraic generalisation of the weak pigeonhole
principle (WPHP), asserting that m pigeons cannot be injected into
n holes, extending its counting argument to an algebraic setting. As
a strengthening of WPHP, it admits proof complexity lower bounds
in settings where none are known for WPHP, yet we show that these
still yield applications analogous to those of WPHP. In particular,
using new generalised types of random restrictions, which may be
interesting by themselves, this allows us to resolve a number of
open problems in proof complexity, including the construction of
proof complexity generators for Polynomial Calculus Resolution
over the two-element field (PCRg,), new generators for Sherali—
Adams (SA), and hardness results for circuit lower bound statements
against PCRp,, as detailed below.

Generators for PCRg,. We prove exponential size lower bounds
for several encodings—both algebraic and CNF—of the weak rank
principle in PCR over F;, where no such bounds are known for the
WPHP in the regime with arbitrarily many pigeons. In particular,
we obtain 2%(") size lower bounds for both algebraic and standard
CNF encodings, including the bamboo-tree encoding, which is the
most useful and corresponds to a circuit encoding, as considered
by Alekhnovich, Ben-Sasson, Razborov, and Wigderson (SIAM 7.
Comput., 2004) and Razborov (Ann. Math., 2015). Our bounds hold
for every matrix A in XY = A, implying that the rank principle
forms a proof complexity generator with nearly quadratic stretch.
Using a standard iteration technique we amplify the stretch to

Q) . . . .
2", meaning we obtain a function generator. This resolves an
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open problem posed by Alekhnovich et al. (SIAM J. Comput., 2004)
and Razborov (Ann. Math., 2015) concerning the construction of
proof complexity generators with good stretch for PCRg,.

Generators for SA. Since in SA even the strong pigeonhole prin-
ciple is easy, we develop a new size lower-bound technique show-
ing that the weak rank principle, encoded as a bamboo-tree CNF,
serves as a proof complexity generator for SA. Our method intro-
duces a new relaxed notion of degree and a new corresponding
pseudoexpectation tailored specifically to the rank principle (and
incompatible with the pigeonhole principle).

Circuit lower bound formulas. We show that PCRg, does not
admit short proofs of lower-bound statements against Boolean
circuits, nor against weak models of algebraic circuits such as non-
commutative algebraic branching programs. This settles an open
problem raised by Razborov (Ann. Math., 2015) concerning the
provability of such lower bounds in PCRg,.

Rank principle as an axiom. Finally, we demonstrate the central-
ity of the weak rank principle by showing that it is necessary for
proving NC? circuit lower bounds and sufficient for proving AC®[p]
lower bounds.
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1 Introduction

Proof complexity provides both a concrete and conceptual frame-
work for studying computational lower bounds. On the one hand, it
seeks to develop combinatorial and algebraic techniques for proving
unconditional lower bounds on the lengths of proofs, with relations
to complexity class separations. On the other hand, it offers a setting
for formulating and exploring metamathematical questions—for
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example, which proof systems can efficiently establish which lower
bounds in computational complexity theory.

For concrete proof-size lower bound questions, it remains a long-
standing open problem to establish superpolynomial size lower
bounds against sufficiently strong proof systems, such as textbook
propositional logic (i.e., Frege systems). Such lower bounds are
unknown even against significantly weaker fragments, such as
those operating with AC°[2] circuits. Nonetheless, the development
of theoretical frameworks and techniques aimed at tackling such
lower bounds remains a highly active and vibrant area of research.

The Weak Pigeonhole Principle. A prominent example illustrating
the broad reach of proof complexity is the pigeonhole principle
(PHP for short), which is the (suitably encoded) statement that
m = n + 1 pigeons cannot be mapped into n holes if each hole can
accommodate at most one pigeon. The weak pigeonhole principle
(WPHP) refers to the case where the number of pigeons is possibly
much larger than the number of holes; namely, it is the collection
of such statements for all pairs m > n, where m may be arbitrarily
larger than n. In this regard, WPHP is logically weaker than PHP
where m =n + 1.

The pigeonhole principle is perhaps the most influential example
in proof complexity, serving as a driving force behind many lower
bound techniques and frameworks. These include bottleneck count-
ing [28], pigeonhole switching lemmas and k-evaluations [1, 44, 54],
pigeon dance [32, 59], pseudo-width [56, 61], etc. As for upper
bounds, already TC?-Frege admits polynomial-size proofs of PHP
(and hence WPHP); see [11, 15]. Despite this progress, a notable
open problem posed by Razborov [63] remains unresolved: proving
size lower bounds for WPHP against the polynomial calculus reso-
lution (PCR) proof system (see Section 1 and discussion therein).

Beyond concrete lower bounds, the pigeonhole principle plays a
central role in the development of theories in bounded arithmetic,
which study the computational complexity of the concepts required
to prove various statements within formal systems. In bounded
arithmetic, the weak pigeonhole principle serves as an axiom from
which important results—particularly those related to randomness
in computation—can be derived. As early as 1981, Woods [71] ob-
served that explicit counting of the number of elements in a finite
set can often be replaced by applications of the pigeonhole princi-
ple for bounded formulas. Building on this idea, Paris, Wilkie, and
Woods [52] introduced the weak pigeonhole principle, and showed
that it often serves as a more suitable substitute for PHP in such
contexts and that it is provable in bounded arithmetic T,. Initial
work by Wilkie (unpublished; see Krajicek [40, Theorem 7.3.7]),
further developed by Thapen [69] and systematically pursued by
Jetabek [35-37], established WPHP as a useful axiom for reasoning
about randomized computation.

WPHP and proof complexity generators. A concept closely re-
lated to the weak pigeonhole principle is that of a proof complexity
generator. In fact, it is more directly connected to the dual weak
pigeonhole principle (denoted dWPHP), which states that when
n pigeons are mapped to 2n holes, at least one hole must remain
empty. The notion of proof complexity generators was introduced
independently by Alekhnovich, Ben-Sasson, Razborov, and Wigder-
son [2], and by Kraji¢ek [41, 42]; see also the monograph [46] for a
comprehensive treatment.
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A proof complexity generator is any encoding of the statement
that expresses that a point b € {0,1}" is not in the image of a
given polytime mapping G: {0,1}™ — {0,1}, with m < ¢. The
proof complexity of such statements depends on G and is sensitive
to the encodings; indeed, [2] suggested three different encodings
(see also Sokolov [66] for a discussion). We say that a proof com-
plexity generator is hard against a proof system when for every
point b there is no short proof that b is not in the image of G. This
means that the proof system cannot prove that G is nonsurjective.
(Notice that even a single b for which the proof complexity gen-
erator is easy would constitute a proof of nonsurjectivity, hence
we insist that no such b exists; this point is explained further in
Alekhnovich et al. [2].)

The hope is that for strong propositional proof systems, one
can establish (at least conditionally) that there are no poly(¢)-size
proofs that g is nonsurjective, under the assumption that the map-
ping g is sufficiently pseudorandom (cf. [63]). Razborov in [63]
proved the existence of hard proof complexity generators for sys-
tems such as PCR and Res(k). However, as Razborov mentions, the
important case of generators for PCR over F, is completely open
(the importance of this case is explained after stating Theorem 2.4).

WPHP and the provability of circuit lower bounds. WPHP and
proof complexity generators also play a central role in the meta-
mathematics of complexity theory—particularly in understanding
which systems can efficiently prove circuit lower bounds. This
connection was first observed by Razborov [59], who showed that
WPHP reduces to circuit lower bound statements. Informally, this
means that if WPHP is hard for some (“nice”) proof system £, then
P cannot prove any circuit lower bound efficiently. This idea was
employed by Razborov [59] and later by Raz [56]. The former es-
tablished degree lower bounds for WPHP in polynomial calculus,
and the latter established resolution size lower bounds. Both work
then leveraged the above reduction to show that the statement
“NP ¢ P/poly”, when encoded as a family of CNF formulas, does
not admit efficient refutations in those systems.

More generally, one can define the truth-table generator, which
maps a description of a small Boolean circuit to the truth table of
the function it computes. Establishing that a string b lies outside
the image of this generator is equivalent to proving that no small
circuit computes the function with truth table b. Hence, the truth-
table generator constitutes a proof-complexity generator against
a system P exactly when # cannot efficiently prove any circuit
lower bounds.

Linear algebraic instances. Beyond simple counting arguments
like the pigeonhole principle, linear algebra is a key tool in dis-
crete mathematics. Accordingly, Cook and Rackoff suggested linear
algebraic statements as potential hard instances for strong proposi-
tional proof systems. Bonet, Buss, and Pitassi [10, Sec. 3.1.1] further
explored this idea and identified candidates hard tautologies such as
the oddtown principle, which asserts XXT # I, for an mx n variable
matrix X with m > n, where I,, is the m X m identity matrix. Soltys
and Cook [67] systematically studied the hard matrix identities in
the context of bounded arithmetic, focusing on statements such as
the inversion principle, which asserts that XY = I, implies YX = I,
for square n X n variable matrices X, Y, as well as other equivalent
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formulations of basic linear algebraic facts. Their goal was to iden-
tify minimal formal theories capable of proving such statements.
Soltys and Urquhart [68] showed that the pigeonhole principle is re-
ducible to (hence, not stronger than) these matrix identities. Later, it
was demonstrated by Hrubes and Tzameret over F, [30] and by Tza-
meret and Cook over the integers [70] that these linear algebraic
principles admit quasipolynomial-size propositional (i.e., Frege)
proofs and are provable in relatively weak theories of arithmetic.
The latter two works roughly show that linear algebra sits within
“NC2-reasoning” (formally, the theory VNC?). The hard matrix iden-
tities were also considered in the context of the Ideal Proof System
(IPS) by Grochow and Pitassi [27], and Andrews and Forbes [4] who
investigated a close unsatisfiable instance {det(X) = 0, XY = I} for
two square variable matrices X, Y.

A related algebraic principle is the (strong) rank principle: Let
m = n+ 1. Given two variable matrices X, Y of dimension m X n and
n X m, respectively, the product XY = A is unsatisfiable whenever
A is an m X m scalar matrix of rank m. This formula was considered
implicitly in Kraji¢ek [45], as a way to algebraically express proof
complexity generators based on PHP.

For the specific case where A is the identity matrix I, Soltys and
Cook [67, Equation (V), page 287] showed that the strong rank
principle is equivalent over their theories (the base one denoted
LA; hence over Frege) to the hard matrix identities, and specifically
the inversion principle. Galesi, Grochow, Pitassi, and She [23] for-
mulated the rank principle explicitly, for the special case when A is
the identity matrix I, and when m is not necessarily n + 1. Galesi
et al. established PC degree lower bounds for the rank principle,
using the same reduction from PHP degree lower bounds that was
used in [68].

The weak rank principle. In this work we show the advantage
in considering what we call the weak rank principle, WRank for
short, as a natural algebraic analogue and augmentation of the
weak pigeonhole principle. Given two variable matrices X and Y of
dimensions m X n and n X m, respectively, WRank states that

WRank. For an arbitrary scalar matrix A of rank at least
n+ 1, the equation XY = A is unsatisfiable, where m > n; here
we mean that m is arbitrarily larger than n.

Notice that WPHP is (usually) considered in the same regime,
namely when m is arbitrarily larger than n [61]. Accordingly, all
our lower bounds are expressed in terms of n and are independent
of m.

Our results show that the weak rank principle can be applied in
settings where the weak pigeonhole principle fails, and that it pro-
vides a framework for both lower and upper bounds in proof com-
plexity. In particular, we obtain lower bounds and corresponding
proof-complexity generators with a good stretch for PCRg, which
can also be iterated to a function generator (where none were previ-
ously known) and introduce a new generator for the Sherali-Adams
system, establish the hardness of circuit lower-bound statements
for PCRg, (which was open), and identify upper bounds—namely,
feasibly constructive proofs—that are facilitated by the weak rank
principle itself.
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The proof systems we shall consider in this work are polynomial
calculus resolution PCR and Sherali-Adams SA.

What is known about WRank. For the strong rank principle
(where m = n + 1, and in fact up to m < n?), size lower bounds
against PCR could be shown over any field, by a reduction to the
(strong) pigeonhole principle (with m pigeons; see [23, 68] for this
reduction), and then using a size-degree tradeoff argument. How-
ever, for the weak rank principle (when m is arbitrary) only degree
lower bounds are known in polynomial calculus resolution (PCR);
again, this follows easily from known degree lower bounds for
WPHP. However, the more challenging and meaningful regime is
that of size lower bounds for PCR and stronger systems. Notably, no
PCR size lower bounds are currently known for WPHP for arbitrary
many pigeons, and in fact when the number of pigeons exceeds n?
(see Miksa and Nordstrom [48] and de Rezende, Nordstrom, Risse
and Sokolov [20])!. This motivates algebraically extending WPHP
to WRank, which enables new size lower bounds in settings where
WPHP has so far proven insufficient (as the current work shows).

With respect to upper bounds, while WPHP admits polynomial-
size proofs in TC®-Frege, the best known upper bound for WRank
is a polynomial-size proof in NC2-Frege. This could be shown as
follows: for strong enough proof systems closed under low degree
reductions WRank is implied by the special case of WRank when
A = I, which in turn is implied by the inversion principle by [67]; fi-
nally, the inversion principle admits polynomial-size proofs in NC2-
Frege by the work of Hrube$ and Tzameret [30]. On the other hand,
it is reasonable to conjecture that Frege does not admit polynomial-
size proofs of WRank by the fact that linear algebraic statements
are expected not to have polynomial-size Frege proofs as noted by
Buss el al. [10].

Note that the relation between the weak rank principle and the
strong one (and hence, by [67], its relation to the hard matrix iden-
tities) is not entirely understood, since the latter concerns square
matrices, while our focus is on highly nonsquare matrices (hence,
the “weak” regime).

2 Our Results

We present four types of results based on the weak rank princi-
ple: Lower bounds and generators for PCR over F,, hereafter de-
noted PCRE, (Section 2.1), lower bounds and generators for SA (Sec-
tion 2.2), hardness of circuit lower bound statements for PCRE, (Sec-
tion 2.3), and upper bounds (namely, feasible constructive proofs)
facilitated by the weak rank principle (Section 2.4).

2.1 Lower Bounds and Generators for PCRg,

We establish lower bounds and construct generators for PCR over
F,, under the following encodings of increasing strength:

o Algebraic encoding. This setting provides the most direct
algebraic formulation and serves as a foundation for the
subsequent encodings.

e Perfect matching (PM) encoding. In the PM encoding, we
obtain lower bounds for the weak rank principle, when A = I,

Beyond n? pigeons, size lower bound techniques against PCR based on degree break
down. Note that for resolution, using different techniques by Raz [56] and subsequently

Razborov [60, 62] as well as de Rezende et al. [20], the case of WPHP lower bounds
with arbitrary many pigeons m is resolved.
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against PCRg,. This encoding is in a CNF. To get a generator
in this encoding, we should prove the lower bound for every
A. Although it is achievable by similar techniques used in
the next item, we do not formally prove this case, since this
encoding does not appear to be directly useful to establish
hardness of circuit lower bound statements. The case A = I is
conceptually simpler than the general case of arbitrary A, yet
serves as an instructive case for the forthcoming generators
because those results expand on similar ideas. It requires a
different notion of degree from the algebraic encoding, that
is useful in the sequel (e.g., for SA lower bounds).

e Bamboo-tree encoding. The Bamboo-tree encoding yields
the strongest construction, achieving the same stretch as the
generators above (2mn to m?). In addition, we are able to
prove that this generator is iterable (in the sense of [42, 63])
under this encoding, hence we establish a function generator
(i.e., a generator with a stretch of 2"0(1)). A notable conse-

quence of this function generator is that PCRg, does not
admit short proofs of circuit lower bound statements such
as NP ¢ P/poly.
We start by providing more technical background to our new
generators.

Context and motivation for our generators. Recall that a proof
complexity generator encodes the statement that a point b € {0, 1}’
is not in the image of a polynomial-time map G: {0,1}"™ — {0, 1},
with m < £. When the weak rank principle is viewed in this frame-
work, the matrix product XY plays the role of the map G, and the
point outside its image is the matrix A.

The known generators for PCRg, in the literature are based on
reductions to the pigeonhole principle. For the strong pigeonhole
principle, Krajicek [45, Section 1] constructed a generator stretching
n bits to n + 1 bits. The same construction can be combined with
the best known lower bounds for the weak pigeonhole principle
over PCRp, [3, 48] to yield a slightly superlinear stretch—from n*
to n* bits?. (For comparison, our results achieve a nearly quadratic
stretch of 2mn to m? since our lower bounds hold in the regime
where m is arbitrarily larger than n.)

In the present work, we aim to base the hardness of such gen-
erators on the hardness of WRank instead, which is stronger than
WPHP. For instance, WPHP is easy for the SoS proof system, but
WRank is plausibly hard for it; likewise, Res(log n) admits refuta-
tions of quasipolynomial size of WPHP [47], yet statements based
on linear algebra (and in particular WRank) are expected to be hard
for it [10].

As mentioned above, for arbitrary m, the hardness of WPHP
against PCR over any field remains open. If such bounds were
known, they could yield strong generators through Krajicek’s con-
struction and further applications. In particular, a sufficiently strong
lower bound for the Onto-WPHP would, via Raz’s method [56], yield
that certain circuit lower bound statements for unbounded fan-in
circuits cannot be efficiently proven in PCR.

2Given a formula PHP?, Kraji¢ek [45] builds a function stretching nm-+¢n bits into
tm, for any parameter ; the ratio tm/(nm-+tn) is maximised at ¢ = @(n?). The best
known lower bounds for PHP™ against PCR hold for m = o(n?). If we plug these
values of ¢ and m into nm+tn and ¢m, respectively, we obtain a stretch of n* to n*.
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This led Alekhnovich et al. [2] to study hard instances distinct
from WPHP on which to base proof-complexity generators and
their applications to circuit lower-bound statements. They pro-
posed the so-called Nisan generator, a special case of the Nisan—
Wigderson generator [51], which is based on systems of linear
equations over F, defined over expander graphs. The stretch of this
construction alone is not sufficient to yield application to circuit
lower bound statements.

An important research direction is to obtain proof complexity
generators with as large stretch as possible. When the stretch is
exponential (i.e., 27" i the seed length n) the generator is called
a function generator. To achieve such amplification, Kraji¢ek [42] in-
troduced the notion of s-iterability, designed to boost the stretch of
a variant of the Nisan generator [51]. Improving [2], Razborov [63]
relaxed the expander requirements and showed that linear systems
as in [2] can be iterated to achieve a much larger stretch—about 2n°.
In particular, the hardness of the base generator transfers to the
iterated version, since an iterated expander remains an expander.
However, systems of linear equations over F, are easy to refute
in PCRg,; therefore, this construction cannot yield generators hard
for PCRg,.

The limitations of existing principles motivate the use of the
WRank which subsumes both the weak pigeonhole principle and
systems of linear equations. This allows us to obtain lower bounds
for WRank (over F;) for arbitrary m, thereby producing a hard
base generator. The hardness of WRank persists under iteration,
which enables us to construct function generators that remain hard
and leads to the hardness of corresponding circuit lower-bound
statements.

Among other results known about generators are Khaniki’s
Nisan-Wigderson generator against AC®[p]-Frege [39] encoded
as a (non-CNF) propositional formula. In addition, Sokolov [66]
improved the lower bounds for a particular generator encoding
(functional encoding as in [2]).

Algebraic encoding. The algebraic encoding of the negation of
WRank, denoted Rank]'(A), consists of m* polynomial equations
of degree 2,

n
Rank”™ (A): Z XixYr, = Aij, foralli, j € [m]. (1)
k=1

THEOREM 2.1 (ALGEBRAIC ENCODING LOWER BOUND). For every
m > n and A € FJ>™, every PCRg, refutation of Rank}' (A) requires
size 2°(") | Consequently, Rank™(A) is a proof complexity genera-
tor stretching 2nm bits into m®. Moreover, the iterated variant of
Rank]' (A) is a function generator with stretch o,

Here, size is measured by the number of distinct monomials
appearing in the refutation.

Algebraic encoding lower bounds are obtained using random re-
strictions, which yield a size-to-degree reduction and already suffice
to derive the hardness of certain circuit lower-bound statements
(for example, for noncommutative algebraic branching programs).
The argument in this setting is technically simpler than the proofs
for the CNF encodings introduced below, as the latter requires trans-
lating the algebraic reasoning into a combinatorial framework. The
lower bound for the algebraic instance in Theorem 2.1 thus forms
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the basis for the CNF lower bounds presented later and underlies
the high-level random-restriction approach used throughout.

The algebraic encoding, however, is specific to algebraic proof
systems and therefore not directly comparable with encodings
suited for other systems. To address this, we encode WRank as a
CNF formula based on the perfect matching principle, and later
consider the more demanding bamboo-tree encoding (see Section 4).
The choice to work with CNF encodings is natural, as CNF is the
standard formulation in proof complexity. Moreover, to extend
lower bounds from algebraic proof systems such as PCR and SoS to
systems like AC®-Frege or Res(lin) (that is, resolution over linear
equations [57]), CNF encodings are the appropriate framework,
whereas the algebraic formulation—involving degree-2 polynomial
equations—lies outside the expressive power of these systems.

Perfect matching encoding. The perfect matching CNF encod-
ing of WRank, denoted PMRank]'(A), encodes each equation
Yho XikYk,j = Aij of Rank;'(A) by stating there exists a perfect
matching on the satisfied monomials (i.e., those equal 1) of this
equation. To encode such a matching we use extension variables
for each pair of monomials in the equation (together with an extra
point if A; ; = 1). Similar encodings of parity computations were
considered in Impagliazzo-Segerlind and Ken [33, 38].

As mentioned above, we shall consider only the case A = and
prove lower bounds for this encoding against PCRE,. The case for
every A, yielding a generator could be achieved with techniques
similar to the ones in the bamboo-tree encoding.

THEOREM 2.2 (PERFECT MATCHING ENCODING LOWER BOUND
AGAINST PCRR,). For every m > n, every PCRg, refutation of the
perfect matching CNF encoding PMRank™ (I,,,) requires size 2°(").

The case of PCRp, is the most interesting because the perfect
matching principle (stating that there is no perfect matching on
an odd size set) is in fact easy for PCRg,, hence the hardness of
PMRank]' (I,) does not stem from the encoding per se. This con-
trasts many other cases where the hardness follows from the hard-
ness of the perfect matching principle itself [5, 12, 14, 26, 32, 40],
as we show for the case of PCRg when char(F) # 2 in the next
theorem.

The next result demonstrates the sensitivity of the encoding of
the generators. Although we can construct generators for several
proof systems using the PM encoding, it is not known how to get
hardness of circuit lower bound statements from these generators.

THEOREM 2.3 (PERFECT MATCHING ENCODING LOWER BOUND OVER
ANY FIELD). For everym > n and A € {0,1}"™, any PCRg refuta-
tion (for a field F with char(F) # 2) or SoS refutation of the perfect
matching CNF encoding PMRank™ (A) requires size 2%, Similarly,
any AC®-Frege refutation requires size Z"Qm, where the constant in
the exponent depends on the circuit depth.

Bamboo-tree encoding. The main challenge and open problems
regarding proof complexity generators and their applications is pre-
dominantly about proving lower bounds for good encodings; where
an encoding is good, if it has extension variables that correspond to
gates of a circuit, hence could be applied to circuit statement lower
bounds [2, 63]. The bamboo-tree CNF encoding of WRank, denoted
BTRank;’(A), encodes each equation Y}}_, x; kY ; = A;j from the
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algebraic encoding Rank]' (A) using extension variables introduced
to sequentially compute all inner products involved. The extension
variables for each inner product are arranged in a totally unbal-
anced binary tree known as a “bamboo”. Each extension variable
u; j¢ encodes the partial sum Y);_, x; ;i ; (for £ € [n]). Moreover,
each monomial x; r yx ; has its own extension variable z; j r..

This natural encoding corresponds to a circuit in the sense of [2,
63], and similar encodings have been used repeatedly for parity
computations [2, 63, 68].

THEOREM 2.4 (BAMBOO-TREE ENCODING LOWER BOUND; SEE THE-
OREM 4.2). For everym > n and A € F]™*™, every PCRg, refutation
of BTRank™ (A) requires size 2%, Consequently, BTRank™ (A) is a
proof complexity generator stretching 2nm bits into m? bits. Moreover,
there is an iterated variant of BTRank]' (A) that yields a function
generator with stretch 2

This result resolves an open problem raised in [2, 63] concern-
ing the construction of proof-complexity generators for PCRE,.
Razborov’s [63] established generators against PCR based on the
Nisan construction only over fields of characteristic different from 2.
Our result closes this gap by exhibiting hard generators for PCR,.
Lower bounds over F, are particularly significant and technically
more challenging than those over other fields, as we now explain.

There are two distinct field parameters to consider: the ground
field, over which the proof system operates, and the expressed field,
over which the matrix product expressed in the weak rank principle
is computed. Although these two fields may differ, the case where
both are F,—that is, WRank over F, and PCR over F,—is the most
natural and the most difficult.

For example, unsatisfiable linear systems over [, are easy for
PCRE,, and more generally, linear systems over F, are easy for
PCRFP. When p # 2, however, such systems are non-Boolean and
require explicit encoding of non-Boolean field elements, which
makes the lower-bound task formally easier but conceptually less
meaningful, as the hardness would then stem from the encoding
rather than from the inherent structure of the weak rank principle.
In contrast, working with both ground and expressed fields equal to
F, keeps all variables Boolean and ensures that the difficulty arises
from the combinatorial and algebraic content of the principle itself.

Furthermore, F; is usually the most challenging case for algebraic
and semi-algebraic proof systems. For instance, lower bounds in
the Nullstellensatz system or its variants often require substantially
more complex designs over F, than over larger or characteristic-0
fields (cf. [8, Theorem 12], [43]). Likewise, proof systems such as
Res(lin) admit lower bounds over characteristic 0 [53], whereas
corresponding results over finite fields—and in particular over F,
(cf. [34])—remain open. Thus, establishing hard generators over F,
advances our understanding precisely in the setting that is both
the most natural and the least understood.

Lower bounds techniques. All our lower bounds share the fol-
lowing general random self-reduction structure: Use a reduction
from size to appropriate, carefully defined notions of degree that
vary from formula to formula and across our results. This means
that we shall start, by way of contradiction, from a small refutation
(having a small number of distinct monomials) and apply a random
restriction or a generalised random restriction (changing variables
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to different ones) that simplifies terms in the refutation with re-
spect to the appropriate notion of degree, reducing the formula to a
smaller instance of the same principle. The second step is proving
a lower bound on the relevant notion of degree, which will result
in a contradiction (namely, no small size refutation exists).

The novelty and challenge is in finding the appropriate notions
of degree and in devising the right random substitutions which
will decrease the corresponding notion of degree. These notions of
degree increase in level of complication along with the complexity
of the encoding. Accordingly, the random substitutions increase in
level of complication.

One idea that is different from the usual proof complexity lower
bounds is that our generalised random restrictions are random
substitutions of both 0-1 and variables in formulas. In PHP lower
bounds, the usual argument hinges on applying 0-1 restrictions
(representing partial matchings). But in our case partial 0-1 random
restrictions are not always sufficient, hence we need to substitute
the original variables by both 0-1 and other variables or their nega-
tions. The goal is to get self-reducibility: a smaller version of the
principle. In the literature such random substitutions were used
in works by, e.g., Pitassi, Rossman, Servedio, and Tan [55] and
subsequently Hastad [29] for AC®-Frege lower bounds.

Bamboo-tree encoding of rank principle. The following explains
the lower bounds for both the algebraic Rank];' (A) and the bamboo
tree BTRank"' (A) encoding. We outline some ideas behind the proof
of Theorem 2.4, which establishes a 2% size lower bound for
BTRank]'(A) in PCRp,. The key challenge is that this lower bound
must hold independently of the parameter m, which precludes
the use of standard expander-based techniques. These techniques
would typically involve restricting one of the matrices, say X, to
an expander, zeroing out most of the entries x;, for k € [n], in
each row i € [m]. However, when the gap between m and n is too
large, there are no bipartite expanders with suitable parameters for
achieving degree lower bounds.

To overcome this, we relax the degree notion, aiming to balance
two competing requirements for establishing size lower bounds:
(1) the existence of random self-reductions of BTRank]'(A) that
effectively reduce the relaxed degree, and (2) the existence of a lower
bound on the relaxed degree for refutations of BTRank](A). The
random self-reduction we design to achieve (1) is highly sensitive
to the structure of the extension variables (the z-variables and u-
variables defined above) and its necessarily technical nature leads
us to present it in two stages for clarity. In this outline, we focus
solely on motivating the notion of the relaxed degree that the self-
reduction aims to decrease, and we primarily discuss requirement
(2).

Consider a term ¢ in x-, y- and z-variables of BTRank]' (A), that
is, a product of some x-, y- and z-variables and their negations. For
a variable v, we write 0! to denote v and 0° to denote its negation, o.
Let C be the set of indices k such that xfjk, y,l;j or zf!j’k appears in ¢
for some b € {0,1}and i, j € [m]. We refer to C as the set of columns
X-, YT- and Z-mentioned in t. Now, let 7 be the substitution of X7 A
for Y, ie., 7(xix) = Xik> T(Ykj) = Zirepm] Xr kAv.j> and 7(zjx) =
7(xi )7 (yk ;) for all i, j € [m] and k € [n], with 7(v) = 1 + 7(v)
for any variable v. We see that if we apply r to ¢, the columns
X-mentioned in each term of the polynomial 7(t) remain in C. It
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follows that each term ¢’ of 7(t) either has degree at most |C| (since
we are working over the ring of multilinear polynomials), or there
isk € Candi < i’ € [m] such that t’ is a multiple of x; xx;  (by
the pigeonhole principle).

Why is the last observation useful? The substitution 7 maps
the set of polynomial equations XY = A to the set of polynomial
equations XXT A = A, and the latter has a straightforward degree-2
derivation from the oddtown equations XX = I, which in turn
have an immediate degree-2 derivation from the algebraic formu-
lation of the functional pigeonhole principle FPHP}'. For FPHP}?,
Razborov [59] established a degree lower bound of n/2, which holds
even for PCR proofs operating with multilinear polynomials mod-
ulo the ideal generated by the hole axioms (x; g x;  for i < i’ € [m]
and k € [n]) and the functionality axioms (x;x; for i € [m] and
k < k' € [n]). We conclude that there is no refutation of the alge-
braic formulation Rank](A) each term of which has less than n/2
X- or YT-mentioned columns. If such a refutation existed, then ,
along with the aforementioned degree-2 derivations, would convert
it into a refutation of FPHP], where every term has either degree
less than n/2 or is a multiple of a hole axiom, contradicting the
cited lower bound. This forms the column degree lower bound part
in the proof of Theorem 2.1. Similarly, this argument rules out the
existence of a refutation of a variant of Rank! (A) that involves the
X-, Y-, and z-variables (but not the u-variables), where each term in
the refutation has less than n/2 X-, Y7 - or Z-mentioned columns.

It is clear that the argument from the above paragraph alone
is not sufficient for BTRank] (A). This is because 7 must be con-
sistently extended to the u-variables by 7(u; jx) = Xee[i] 7(2i )
and the column index k of u; j i is not particularly relevant here:
when 7 is applied to a product of multiple u-variables mentioning a
small number of columns, it leads to a blow up in the X-mentioned
columns in the resulting terms. Our notion of degree for the u-
variables concerns the first of the three indices of u; ;. We say that
i is U-left-row-mentioned in a term ¢ if ufjjk appears in t for some
j€[m], ke [n],and b € {0, 1}.

To appreciate this definition, let us first calculate T(ull;z) modulo
the hole axioms. We have

r(u})}fﬁ) =b+r(ujr) =b+ Z (zije) = b+ Z T(xi,0)7(Ye,j)

telk] telk]
=b+ Z Xip Z xi/,(Ai/,j =b+ Z Z xi’[xi/’gAi/)j
telk] i’e[m] telk]i’e[m)]
=b+ Z x,»,gx,»,gA,»,j =b+ Ai,j Xif-
telk] telk]

We see that, modulo the hole axioms, the only remaining row index
is i. Let t be a term consisting of u-variables and their negations and
let R be the set of indices U-left-row-mentioned in t. Based on the
above calculation, we observe that each term ¢’ of the polynomial
7(t) either has degree at most |R|, or is a multiple of a hole axiom, or
(by the pigeonhole principle) is a multiple of a functionality axiom
of FPHPI.

The preceding discussion motivates the definition of the relaxed
degree of a general term ¢ in the variables of BTRank[' (A) as the
sum of the cardinality of the set of indices U-left-row-mentioned in
t and the cardinality of the set of X-, YT~ or Z-mentioned columns
in t. For a precise definition of random self-reductions and a proof
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of their effectiveness in reducing the relaxed degree, we refer the
reader to the proof of Theorem 4.2.

Iterated rank principles. In order to address the iterated variants
of the rank principle, we need additional techniques besides the
ones that were sufficient for Theorem 2.1. We start by describing
the ideas behind the iterated algebraic principle. We consider the
classical Goldwasser, Goldreich and Micali [25] iteration protocol,
which was also used in [63]. This protocol achieves a generator
with exponential stretch (i.e., a function generator) by iterating
the base generators (the way to achieve such a function generator
from the weak rank principle is described after Theorem 2.8 in this
section).

Let 7 be a binary string of length at most x and consider the
polynomial system IRank™({A(D)}, x) = Uregoysx XMy = Al
Here, each X(™Y = A is an instance of the weak rank principle,
except that the matrices A™) are not necessarily constant: we also
allow them to contain the variables from X *") for some |z’| > |x]|.
These copies of Rank can be naturally arranged in a binary tree,
where each node corresponding to XY = A”) with |7| < k has
two children X0y = A(7*0) and X (mDy = AT

In this tree, the entries of each matrix A’ can depend only on
the entries of X(™) from the layers below. This differs from the
standard notion of s-iterability, which only assumes a flat structure;
that is, the iterated copies are arranged as a path and not as a tree.
We need to use a tree structure to maximise the stretch versus the
iteration depth ratio, since our lower bound depends on the depth
of the tree (that is, on x in the above notation). The tree structure
was also used by Razborov [63]. Nevertheless, this construction
turns out to be sufficient for applications to circuit lower bounds
statements. Our goal would be to show that any refutation of IRank
with parameters m and n requires size 2(n/0)%
We consider two notions of degree for IRank:

o the column degree, which measures the number of different
columns of X™ or YT the term mentions, where the same
columns from different matrices are counted at most once;
and

o the row degree, which measures the number of different rows
of XU or YT the term mentions, where the same rows from
different matrices are counted individually.

For example, the term xl(ol) xl(ll)ylll has column degree 1 and row-

degree 3. We perform two random self-reductions p and o. The
former reduces the row degree of every term in a refutation to < d
while the latter reduces the column degree to < d. This implies the
total degree does not exceed 2d%. We show that IRank™ (A, k)
requires degree n/2 by reducing it to one copy of the formula
Rank™(I,,) using a reduction that substitutes each X *) with A" X
for a new variable X. Since the entries of A" are not necessarily
constant, this reduction can increase the degree of a refutation.
However, it can grow by at most a factor of k + 1, because for each
copy the degree grows by at most 1. This explains the dependency
on k¥ we mentioned earlier.

We now turn to the CNF encoding of U, ¢(g1}5x Xyl =
AU (note that here the matrix Y is different in each iteration,
unlike before) and again use the iterated protocol from [25]. We
encode U, ¢(1}2x Xy = A using the extension variables
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that are similar to the ones from BTRank and additionally impose
some structure on the matrices Y. Qur goal is again to prove
that any PCRg, refutation requires size 2(*/ Qe

The notion of column degree is not well suited for the extension
variables. For instance, given an extension variable ul(”) which

j.k
semantically encodes the sum Y,c g xi(z)ylg’;), it is clear that it

depends not only on the kth column but also on the preceding
columns {1,...,k — 1}. To address this, we restrict our matrices
Y™ (and hence the extension variables) to a bipartite expander G
with a small left-degree A. This automatically restricts the column
degree of all but x-variables to be at most A, thus for all extension
variables we only need to reduce the row degree.

Overall, the proof strategy is executed as follows: we start by
reducing the row-degree (and thus the total degree) in u-variables
that compute partial inner products. We then reduce the column
degree in the x- and z-variables (recall that the latter compute the
binary ANDs: zf’jz)k = xi(”,:)yl(c?). This is performed in the same way
as in the algebraic construction. Finally, we reduce the row degree
in the x-, y-, and z-variables by using a random substitution similar
to the one that reduces the row degree for IRank. To deal with the
z-variables we need to further modify the refutation. This is because
of the terms of the form s = [] ¢ Z;,, j.x (or of the symmetric form
[11¢ Zi,jo.k), which have the shape of a star (when the x- and y-
variables are considered as two sides of a bipartite graph with an
edge between xiz) and y,(cf;) present whenever Efﬁ
Such stars have common centre iy, and our substitutions do not,
in fact, set them to 0 w.h.p. However, we can show that each such
a star with sufficiently many rays—that is, with large enough set
J—collapses to its centre X;,  w.h.p. This property limits the degree
of all such star terms. For the rest of the variables, we can greedily
identify a large set of variables in a term that are independently
set to 0 w.h.p., implying that such a term vanishes from the proof
w.h.p.

appears in s).

2.2 Generators for Sherali-Adams

We address the problem of establishing proof complexity generators
for the Sherali-Adams (SA) semi-algebraic refutation system [18].

First, note that the Nisan generator construction, denoted 7(A, b)
in [63], can be shown to work also for SA and even SoS. Specifically,
its hardness follows from the lower bound on the Gaussian width
of (A, b) as introduced in [9], and whose lower bound against SoS
was established in [26, 64]. Combined with the random restriction
from Razborov [63], this gives an SA size lower bound for 7(A, b).

We provide a different generator for SA than Razborov’s by prov-
ing that our bamboo-tree encoding of WRank is such a generator.
Note that WPHP is easy for SA in terms of size. Therefore, WPHP
cannot be directly used as a generator. We thus come up with a
new technique that does not use the reduction to PHP and instead
defines a relaxed notion of degree (row degree, in our case). The
lower bounds are thus based on a reduction from size to row degree,
followed by a lower bound on row degree. To establish the row
degree lower bound we come up with a pseudoexpectation based
on a new family of distributions tailored to WRank (and not to
WPHP).
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LEMMA 2.5 (ROW DEGREE LOWER BOUND FOR SA (INFORMAL)).
For every m > n and every A € {0,1}™*™, every SA refutation of (a
variant of) BTRank]’ (A) requires row degree n — 1.

THEOREM 2.6 (SIZE LOWER BOUND FOR SA (INFORMAL)). Assume
m > n and A € {0,1}"™™ is a Boolean matrix. Then any SA refuta-
tion of (a variant of) BTRank™ (A) requires size 22",

This result fits in the generator approach to proof complexity as
stated by Razborov [63, p. 417] and proposed earlier by Krajicek [41,
42] and Alekhnovich et al. [2]. Specifically, the generator approach
seeks to establish proof complexity generators for as many proof
systems as possible, roughly based on the computational hardness
of the generator.

To rule out low row-degree SA refutations of BTRank]'(A), we
define a family of distributions over partial assignments. Each dis-
tribution in this family is indexed by a pair (I, J), where I C [m]
and J C [m] are sets of row indices of X and Y7, respectively,
with |I| + |J| £ n — 2. The distribution corresponding to (I, ]) is
the uniform distribution supported on certain assignments to all
variables x; with i € I,k € [n] and y, ; with ¢ € [n],j € J.

Before specifying these assignments, it is helpful to recall the
family of distributions used against the functional pigeonhole prin-
ciple FPHP;}? by [19]. Each distribution in that family is indexed by
aset I C [m] of at most n — 2 pigeons and consists of the uniform
distribution over all matchings of the pigeons in I to holes. Thus,
the distribution indexed by I is supported on all assignments to
the variables x;x : i € I,k € [n] that do not violate any axiom
of FPHP. In other words, no condition whatsoever limits these
assignments except the axioms involving the pigeons in I.

In contrast, for BTRank]' (A), we cannot allow similar freedom in
the supports of the distributions in our family. It is straightforward
to verify that if the support consisted of all assignments to x; :
ie€lLke[nandy,; : £ € [n],j € J that do not violate any
axiom of BTRank]’ (A), the marginal distribution condition—a key
ingredient of SA lower bounds®—would fail. In other words, limiting
the support only by the requirement that the axioms concerning
Apj (the submatrix of A determined by rows I and columns J) hold
is insufficient. Our approach therefore imposes stronger restrictions
on the support than those dictated by the axioms of BTRank]’(A)
alone.

Specifically, we require that the row vectors assigned to the
rows of X indexed by I be linearly independent, that the column
vectors assigned to the columns of Y indexed by J form a linearly
independent set of vectors, and that the product of these rows and
columns evaluates to Ay ;. Of these three requirements, only the last
is directly dictated by the axioms of BTRank]’ (A). We show that the
uniform distribution over such assignments satisfies the marginal
distribution conditions for members of our family. Notably, these
assignments violate the FPHP}! axioms even in the special case
A =1I,and Y = X7 (the oddtown case XX = I,,), highlighting the
bespoke nature of our distribution family.

It is plausible that our method could be extended to the case of
SoS, though we have not pursued this direction.
3In our case, the marginal distribution condition says that marginalising the dis-
tribution indexed by (I U {ip},J) to the variables x;x : i € Lk € [n] and

yej : £ € [n],j € J coincides with the distribution indexed by (I, J), and simi-
larly for the distribution indexed by (I, J U {jo}).

Michal Garlik, Svyatoslav Gryaznov, Hanlin Ren, and Iddo Tzameret

2.3 Hardness of Circuit Lower Bounds from the
Weak Rank Principle

Next, we connect the weak rank principle to the provability of
circuit lower bounds. We show that the weak rank principle is nec-
essary for proving certain circuit lower bound statements, while in
the sequel (Section 2.4) we show that it is also sufficient for proving
some known circuit lower bounds of interest. These results suggest
a fundamental relationship between the weak rank principle and
the provability of circuit lower bounds.

Our results are inspired by—and, to some extent, mirror—the
connection between the weak pigeonhole principles and the prov-
ability of complexity lower bounds. Razborov [59, 62] and Raz [56]
showed the unprovability of circuit lower bounds such as NP ¢
P/poly in weak proof systems via reductions from WPHP. Miiller
and Pich [49] formalised a wide range of circuit lower bounds
in Jefabek’s theory for approximate counting in bounded arith-
metic [35-37], which includes the dual weak pigeonhole principle
as an axiom. More recently, Chen, Li, and Oliveira [13] showed that
certain lower bound statements are equivalent to variants of weak
pigeonhole principles.

We extend the above line of research in two aspects. First, we
present low-degree reductions from the weak rank principle to
circuit lower bound sentences, generalising the aforementioned
connections by Razborov and Raz [56, 59, 62]. Then, as a concrete
example, we show that PCRp, does not have efficient proofs of
circuit lower bound statements such as NP ¢ P/poly, by iterating
the WRank-based proof complexity generators against PCRg, (as
in [63]). A variant of circuit lower bound statements was recently
proved to be hard for SoS [6].

Necessity of the weak rank principle. First, we present low-degree
reductions showing that WRank is necessary for proving circuit
lower bounds:

THEOREM 2.7 (WRANK IS NECESSARY FOR BOOLEAN CIRCUIT
LOWER BOUNDS (INFORMAL)). Let P be an algebraic proof system
closed under low-degree reductions. If P cannot prove the weak rank
principle efficiently, then for every Boolean function f (represented as
a truth table), P cannot prove circuit lower bounds for f efficiently.

Interestingly, our argument goes through algebraic circuit com-
plexity. Specifically, we show that WRank is necessary for proving
lower bounds against noncommutative algebraic branching pro-
grams (noncommutative ABPs, or ncABPs for short), which is a
fairly weak algebraic circuit model (making our unprovability re-
sults stronger). Our reduction relies on Nisan’s characterisation
of ncABP complexity via matrix rank [50]. We then establish that
lower bounds on ncABP complexity are themselves necessary for
proving lower bounds on (Boolean) circuit complexity.

Concrete lower bounds. Inspired by the above connection, we use
the generators for PCRp, demonstrated in Section 2.1 to show that
this system cannot efficiently prove circuit lower bounds*.

THEOREM 2.8 (INFORMAL). Let f: {0,1}" — {0, 1}. There exists
a constant ¢ > 1 such that for every s > n°, any PCRg, refutation
4Unfortunately, when measured by size, PCRg, is not closed under low-degree reduc-

tions. Hence our concrete lower bounds are not direct corollaries of Theorem 2.7 and
requires more work.
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of the statement “f cannot be computed by Boolean circuits of size s”
(encoded as a system of polynomial equations) requires size 20°Y (51/)
which is superpolynomial for s = n*(1),

As in the case of Razborov [63] our Boolean circuits are in
the basis —, A, V,® where the last three connectives are binary.
The proof idea is similar to [63]. We work with the iterated rank
principle ¢ (g 1y<n XMy = A encoded as a CNF using
the bamboo-tree encoding. Given 7 € {0, 1}", we choose the ma-
trices A" such that Ai’;) = f(x) the rest of the matrices (for

|| < n) are arranged as A"D) = [X(”*O) x )y Ty T

That is, given a copy X P Y®) = A(®) we can compute both copies
Xm0y (m:0) = A(7:0) gpd X (T )y (m+1) = A(T1) pecursively. This
way, starting with the empty string “()”, we can gradually compute
A" for & € {0,1}", thus obtaining f (). This computation can
be naturally expressed as a Boolean circuit, using the gates that
correspond to the extension variables.

2.4 On the Strength of WRank

Finally, we initiate the study of the weak rank principle as an
axiom in bounded arithmetic. Linear algebra is used extensively
throughout combinatorics and complexity theory, resulting in a
variety of breakthroughs such as the resolution of the finite field
Kakeya conjecture [21], Cap Set problem [17, 22] and the Sensitivity
Conjecture [31]. Indeed, there is a whole book dedicated to linear
algebraic methods in combinatorics [7].

Soltys and Cook [67] initiated the study of formal theories that
“capture linear algebra” from the complexity perspective. Specifi-
cally, they considered a few formal theories for linear algebraic
reasoning and showed that VLAP, the strongest theory consid-
ered in [67] which incorporates matrix powering and certain in-
duction schema, proves many linear algebraic identities including
the (strong) rank principle. Subsequently, Tzameret and Cook [70]
showed that the seemingly weaker theory VNC? suffices for linear
algebraic reasoning and specifically proving properties of the deter-
minant. We take a somewhat similar route, but instead of powerful
concepts such as matrix powering (which is DET-complete [16] and
hence intuitively captures “full” linear algebra), we only consider
the weak rank principle, hence our theories appear to be somewhat
weaker.

An important motivation for considering the weak rank principle
is that they capture arguments in combinatorics and complexity
theory that are “loose” (i.e., not tight). Intuitively, the weak rank
principle should already suffice when one is satisfied with a bound
that is only tight within multiplicative factors. This is the case
when we are satisfied with, say, a bound of ¢ - 2.756" for the Cap
Set problem or a bound of ¢ - 21" for ACO [p] circuit complexity,
where ¢ > 0 is an unspecified constant. This is similar to the case
of approximate counting where we only care about the sizes of
sets approximately, hence the weak pigeonhole principle is already
applicable [37].

In this work, we put forward a theory VO_(ﬁ + WRank,,, which

incorporates the two-sorted theory VO(p) in the style of Cook-
Nguyen [15] with an extra axiom WRank, expressing the weak
rank principle over F,. We demonstrate the power of the weak
rank principle and confirm the above intuition by showing that
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this theory can prove Smolensky’s circuit lower bound against
AC[p] [65]:

THEOREM 2.9 (INFORMAL). For every prime number p > 2,V°(p)+
WRank,, proves that MOD, cannot be computed by AC°[p] circuits

of depth d and size g0(n!/ ),

Previously, Miiller and Pich [49] formalised Smolensky’s AC°[p]
lower bounds in Jefabek’s theory APC; [35, 37]. We will discuss the
differences between our formalisation and theirs. We also note that
Razborov mentioned in [58, Section E.3] that the metamathematics
of Razborov-Smolensky lower bounds are left open. Our work
addresses this gap by showing that Smolensky’s lower bounds
can be proved in VO(p) + WRank,,. In addition, Galesi et al. [23]
considered the rank principle with A =T as an axiom added to the
polynomial calculus.

3 Conclusions and Open Problems

Our work introduces the weak rank principle as a new object of
study in proof complexity and applies it to advance the genera-
tor approach to proof complexity, introduced by Krajicek [41, 42]
and Alekhnovich et al. [2], and later emphasised by Razborov [63,
p- 417]. The goal of this approach is to construct proof-complexity
generators for as many proof systems as possible, where the hard-
ness of the generator reflects the computational limitations of the
corresponding system. In our case, the hardness originates from
linear-algebraic reasoning: the weak rank principle expresses the
unsatisfiability of certain linear systems and matrix identities, and
its difficulty is directly tied to the inability of a proof system to effi-
ciently formalise arguments involving matrix rank. Consequently,
the weak rank principle is expected to be hard for proof systems
that cannot efficiently reason about linear algebra.

Future directions. Several directions appear promising for further
study:

e The weak rank principle provides a useful family of tau-
tologies to study in proof systems for which the pigeonhole
principle is easy or for which no proof-complexity generators
are known. The basic instance, XY = I, already gives a con-
crete candidate for proving lower bounds. Obtaining a lower
bound for this instance is the first step toward establishing
lower bounds for the more general case XY = A, where A
ranges over matrices of rank greater than n. Such results
would yield a proof-complexity generator based on WRank.
Once such a base generator is obtained, it can be iterated to
obtain a function generator, showing that the proof system
in question cannot efficiently prove certain complexity-class
separations such as NP ¢ P/poly.

e Develop bounded arithmetic theories that use WRank as
axioms, such as the theory VO_(_m + WRank, developed in
this paper. We speculate that many interesting results in
combinatorics and complexity theory can be formalised in
such theories and that the weak rank principles suffice. Our
formalisation of Smolensky’s lower bounds [65] can be seen
as the first step towards this goal.

e The weak rank principle provides a natural candidate for
lower bounds against AC°[p]-Frege (for which no lower
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bounds are currently known) and SoS. This connection fol-
lows from the conjecture that NC? captures the computa-
tional complexity of linear algebra. According to the informal
correspondence between circuit classes and propositional
proof systems whose proof-lines come from those classes,
one expects that proofs operating with NC2-circuits (that is,
NC?-Frege) are exactly those capable of efficiently reasoning
about rank-based arguments. In contrast, the weak pigeon-
hole principle admits quasipolynomial-size proofs already
in Res(log n) and thus in AC®-Frege [47, 52], indicating that
stronger algebraic principles are required to obtain mean-
ingful lower bounds.

4 Bamboo Tree Encoding of the Rank Principle

To encode the rank formula XY = A as a CNF, extension variables
are introduced to sequentially compute all inner products involved.
The extension variables for each inner product are arranged in a
totally unbalanced binary tree known as a “bamboo”. This natural
encoding corresponds to a circuit in the sense of [2, 63], and similar
encodings have been used repeatedly for parity computations [2,
63, 68].

Definition 4.1 (The CNF encoding BTRank]'(A)). Assume m > n
are positive integers and A € Fj**"™ is an m by m matrix over the
two-element field. The CNF encoding the bamboo tree rank formula,
denoted BTRank] (A), uses input variables x;x, yx,; : i € [m],k €
[n] together with extension variables z; i, u;jk : i, j € [m],k €
[n], and consists of the following axioms.

Output Axioms: For every i, j € [m], the clause u; j, if A; j = 1
and the clause —u; j , if A;; = 0.

Binary AND Axioms: For every i, j € [m] and k € [n], z; jx =
XikYk,j» encoded by the clauses x;x V =z; jk, Yx,j V —Zijk» Zijk V
“Xik V Yk, j-

Summation Base Axioms: For every i, j € [m], u; 1 = z; 1,
encoded by the clauses u; ;1 V =z;j1, zij1 V —Uij1.

Summation Axioms: For every i, j € [m],and k € {2,...,n},
Ui jk = Ui k-1 + Zijk> encoded by the following four clauses:

Zijk V Ui jk—1 V Uijks
Zijk V Uijk-1V TUijks
“Zijk V Ui jk-1 V TUijks
“Zijk vV Uijk-1V Uijk-

We focus on the regime where m is arbitrarily larger than n.
As with related formulas like PHP}?, obtaining size lower bounds
in this regime is challenging across various proof systems, since
standard measures such as resolution width or PC degree do not
appear to be effective, at least when applied directly. Our technique
applies to any matrix A and provides a PCRg, size lower bound
of 2% This makes BTRank!™(A) a proof complexity generator,
stretching 2mn input bits into m? output bits.

THEOREM 4.2. Suppose that m > n > 16 are integers, 8 divides
n, and A € F™™ is an m by m matrix over Fy. Then any PCRg,
log e
refutation of BTRank] (A) has size at least 2 51z 12,

Recall that the basic strategy for the simpler algebraic encoding
of the rank principle is to use a random restricting that reduces
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with high probability a small-size refutation into a small-degree
refutation, which then leads to a contradiction with the pigeonhole
principle PCR degree lower bounds. Accordingly, our goal here is
to show that if BTRank]' (A) admits a small PCRp, refutation, then
it can be converted into one in which a certain relaxed form of
degree is small. This relaxed notion of degree is carefully tailored
to the structure of our formula, with distinct definitions for each
variable sort. Moreover, it appears that if we require a random
substitution to serve as a meaningful self-reduction (i.e., converting
BTRank](A) to a smaller instance of the same principle), then
this relaxed degree measure is close to the limit of what can be
effectively decreased under such a random transformation. While
the definition can be made slightly stricter, any substantial move
toward the standard notion of degree (i.e., the total degree of a term)
does not seem to yield a measure that decreases adequately under
random self-reductions. This limitation seems to stem from the
distinct nature of the (“extension”) u-variables, whose behaviour
differs from that of the other variables in the formula. Fortunately,
our relaxed degree is still strong enough to yield, after an additional
substitution and some proof manipulations, a PCRp, refutation of
FPHPY, of degree less than n’/2, which is ruled out by a theorem
of Razborov [59].

The initial conversion of a purported small refutation of
BTRank!" (A) begins by applying two distinct random substitutions,
p and later 0. The random substitution p converts (with probability
1) a refutation of BTRank[' (A) to a refutation of an instance with
less rows BTRankg‘ (A), for some 7i < n. Additionally, this substitu-
tion simplifies with high probability the presence of u-variables in
terms appearing in refutations.

We define the random substitution p that randomly compresses
the matrices X and Y7 from n columns to about n/4 columns, row
by row, in a way that preserves the bamboo structure and makes
different rows behave independently. First, we demonstrate the
desired effect of p on the u-variables occurring in terms.

Definition 4.3 (Row and column indices mentioned by u-variables
in a term). Let t be a term in the variables of BTRank]' (A). We say
that i € [m] is U-left-row-mentioned in t if there is j € [m], k € [n],
and b € {0, 1} such that ufj’k appears in t. We say that j € [m] isU-
right-row-mentioned in t if there is i € [m],k € [n], and b € {0, 1}
such that uij,k appears in t. We say that k € [n] is U-column-
mentioned in t if there are i, j € [m] and b € {0, 1} such that ufjj’k
appears in t.

Note that row indices are those that range originally over [m]
while column indices range originally over [n].

LEMMA 4.4 (RANDOM SUBSTITUTION p KILLS TERMS THAT MEN-
TION MANY U-ROWS). Suppose that m > n > 8 are integers, 4 divides
n, and A € F>™ is an m by m matrix over Fy. Suppose that t is
a term in the variables of BTRank](A), I C [m] is a set and ¢/
is a subterm of t such that every i € I is U-left-row-mentioned in
t" and nok € {1,2,n — 1,n} is U-column-mentioned in t’. Then,
Prt | p #0] < (3/4)M11.

Next, we verify that p transforms a refutation of BTRank]' (A)
into a refutation of BTRank}' (A). Namely, we reduce the number
of columns in X (and accordingly, number of rows in Y). This is a
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structural consequence of the way the substitution is defined, and
happens with probability 1.

LEMMA 4.5. Suppose that m > n > 8 are integers, 4 divides n,
and A € F)™™ is an m by m matrix over F,. Let II be a PCRg,
refutation of BTRank]'(A). Then II | p is a PCRg, refutation of
BTRank?;_MM(A).

The second random substitution, denoted by o, is intended to
simplify the x-, y- and z-variable occurrences in terms while, again,
turning BTRank' (A) into a smaller instance. In contrast to the sub-
stitution p, which aims to reduce in each term with high probability
the number of row indices (of X) appearing through the u-variables
(as well as to reduce the instance from n to fi columns), the goal of
o is to reduce the number of column indices (of X and Y7) involved
via the x-, y- and z-variables. Applying p reduces the number of
columns of the matrices X and Y7 of the original instance from
nto (n —4)/4 (Lemma 4.5). However, this does not substantially
decrease the number of column indices involved by a given term:
the term may still mention many different columns within the sur-
viving block via the x-, y-, and z-variables. The purpose of ¢ is to
significantly reduce, for each term, the number of column indices
involved through these variables.

Definition 4.6. [Column indices mentioned in a term by x-,y- and
z-variables] Let ¢ be a term in the variables of BTRank] (A) and
let k € [n]. We say that k is X-column-mentioned in t if there is
i € [m] and b € {0, 1} such that xfk appears in . We say that k is

YT -column-mentioned in t if there is j € [m] and b € {0,1} such
that yzj appears in t. We say that k is Z-column-mentioned in t if

there are i, j € [m] and b € {0, 1} such that zf?jk appears in t.

LEMMA 4.7. Suppose that m > n > 3 are integers, 2 dividesn — 1,
and A € FJ™ is an m by m matrix over Fy. Suppose that t is a term
in the variables of BTRank]' (A) and K C [n — 1] is a set such that
every k € K is either X -column-mentioned or YT -column-mentioned
or Z-column-mentioned int. ThenPr[t | o # 0] < e~ 1KI/16 4 p=IK|/4,

LEMMA 4.8. Suppose that m > n > 3 are integers, 2 dividesn — 1,
and A € F}”™ is an m by m matrix over F,. Let II be a PCRg,
refutation of BTRank]'(A). Then II I o is a PCRg, refutation of
BTRank'(YI’Fl)/2 (A).

The next lemma combines Lemmas 4.4, 4.5, 4.7 and 4.8.

LEMMA 4.9. Suppose that m > n > 16 are integers, 8 divides n, and
A € ™™ is an m by m matrix over Fy. If II is a PCRg, refutation
of BTRank] (A) of size s, then there exists a PCRg, refutation II" of
BTRankZ’1_8)/8 (A) of size at most s such that, lettingd = 101% (log s+
1), every term t in I’ satisfies the following:

(1) the number of indices i € [m] that are U-left-row-mentioned
int is less than d, and

(2) the number of indicesk € ["T_S] that are X -column-mentioned
or YT -column-mentioned or Z-column-mentioned in t is less

thand.

The proof of Theorem 4.2 follows from the application of
Lemma 4.9 and the subsequent reduction to FPHPZ', where 7i =

(n—28)/8. Assuming the size of the original refutation was less than
loge
2%”‘2, we obtain a refutation of FPH Pﬁm of degree less than 7i/2,

contradicting the lower bound of Razborov [59].
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