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1 Ignorant Decision Trees

It is known that infinitely-often circuit upper bounds in relativized worlds (i.e., C° C i.o.SIZE® [O(n)])
are equivalent to proving that the decision tree version of C cannot solve the MISSING-STRING problem
on infinitely many input lengths [VW23, Theorem 32]. Indeed, several relativization barriers to proving
circuit lower bounds [BFT98, Aar06] can be interpreted as proving lower bounds for MISSING-STRING
against several kinds of decision trees (MAdt, PPdt). However, the circuit upper bounds in the relativized
worlds constructed in [BFT98, Aar06] actually hold almost-everywhere (MAZp C PC /01, and PEXPC C
PO/ poly)- In this note, we observe that [BFT98, Aar06] actually proved something stronger than lower
bounds for MISSING-STRING, which enabled them to construct an oracle world with almost-everywhere
circuit upper bounds.

We will call the stronger property ignorance. To define this property, consider the setting of the
MISSING-STRING problem. The input is a list of strings =1, z2,...,zx € {0,1}". We have some decision
tree computing a function f : {0,1}"% — {0,1}". We want to show that this function does not solve
MISSING-STRING, i.e., there exists x1x such that f(zi1.x) € {z1,...,2x}. One possible approach to
proving this is to show that for some inputs z1~x and index k € [K], f(z1~x) is ignorant about some x,
in the following sense: for every |, that only differs from x1.x at z (i.e., VK’ # k, ), = x1), we have
f(@og) = f(iuk). I f(xiok) is ignorant about zy, then clearly f does not solve MISSING-STRING:
let #1x + x1Kk, and replace &y with f(z1~x). Since f(z1x) is ignorant about xy, it does not notice
that xy is replaced, hence f(#1~x) = f(x1~x). However, f(zr1.x) = Tk € {Z1,...,2x}, therefore f does
not solve the MISSING-STRING problem.

Note that the definition of ignorance still makes sense when the length of each substring x; is different
from the number of outputs. Say that f has n outputs and each z; has length m. We can still define that
f(z1~K) is ignorant about zy, if for every x|, that only differs from x;.x at zy, we have f(2)_x) =
f(xiok).

It turns out that the relativized circuit upper bounds in [BFT98, Aar06], which are lower bounds for
decision trees solving MISSING-STRING, are actually proved by showing the ignorance of MAY and PP,
In fact, they also show the ignorance of MAY and PP in the general case when m # n. Ignorance
implies relativization barriers to proving not only almost-everywhere circuit lower bounds,
but also infinitely-often circuit lower bounds.

1.1 Ignorance of MA®"

We define the decision tree version of MA, called MAY. An MAY decision tree is essentially a
disjunction of probabilistic decision trees; it is easy to see that for oracle O, languages in MA® are
computed by MA9t decision trees over the truth table of O as inputs.



Definition 1. An MAY decision tree M : {0,1}* — {0,1, L} is specified by a family of probabilistic
decision trees My, Mo, ..., Mg, where S is the disjunction fan-in of M. The decision tree depth of M is
the largest depth of any decision tree appearing in M, Ma, ..., Mg. On input z € {0, 1}

e we say M (z) = 1, if there exists s € [S] such that Pr[M(z) = 1] > 2/3;
e we say M(z) =0, if for every s € [S], Pr[M,(z) = 1] < 1/3;
e otherwise, we say M(z) = L.

Theorem 2 ([BFT98]). Let n,m, K, S,d be the following parameters such that K > (1 + 4nd)n.

n m K S d
no. of dec. trees | length of each string | no. of strings | disjunction fan-in | decision tree depth

Let Dy, Do, ..., D, be MAY decision trees of disjunction fan-in S and decision tree depth d. Then
there exist x1,x,...,xx € {0,1}™ and an index k € [K] such that D;(x1.x) are ignorant of xj, in the
following sense: There exists an answer string ans € {0,1}" such that for every Ty € {0,1}™, if we
replace xj, with Ty and denote the obtained mK -bit input as &, then D;(&) # 1 — ans; for every i € [n].

Proof. We start with x; = 0™ for all k. Then we will modify z;.x step by step until we arrive at the
input z1.x that satisfies the theorem. During this process, some k € [K] will be frozen in the sense that
the string z;, will never change again; some i € [n] will be forced in the sense that for every string x5
that is consistent with x1.x on frozen indices, it is true that D;(z_ ) # 0. Initially, none of k is frozen
and none of i is forced. Each step will force exactly one i € [n], so there are at most n steps. We will use
zt = (a},...,z%) to denote the input instance at step ¢; thus x% = 0" for every k.

Consider the t-th step (¢ > 1). Let k be the first unfrozen index in [K] (we will show such k exists).
Consider the following question: is there a string Zx € {0,1}™ and an unforced index i € [n] such that,
if we let # = 2'~! and replace x};_l with Zg, then D;(z) = 17

If the answer is no, then we can stop here and obtain the required input zi1.x and index k. In
particular, let ans € {0,1}"™ be the string such that ans; = 1 if and only if i is forced. Let & € {0,1}™
be arbitrary, £ be the mK-bit input obtained by replacing :c',?l with 2. For each ¢ € [n]:

e If D;(z) = 1, then ¢ have to be forced; otherwise the answer to the above question is yes (there
exists a string & and an unforced index 7).

e If D;(#) =0, then 4 is not forced (since Z and x'~! are consistent on frozen indices).

On the other hand, if the answer is yes, then we freeze k and force i. We also set 2! = & as defined
above, therefore D;(x!) = 1. We need to freeze some other indices as well to force i, i.e., to guarantee that
D;(x}, ;) # 0 for every o’ consistent with z' on indices that are frozen (at the end of this step). Since
D;(z") = 1, there is a probabilistic decision tree in D;, say D;;, that has acceptance probability at least
2/3 on input z!. For every k' € [K] that is not frozen, if the fraction of decision trees in D;; that queries
xp is at least 1/(4n), then we freeze k’. Now we can see that i is indeed forced: In the future, whenever
we change some z;, the acceptance probability of D;; only gets influenced by 1/(4n). Since there are only
n steps, the acceptance probability of D;; will never drop below 2/3 —n-1/(4n) > 5/12 > 1/3. It is also
clear that we freeze at most 1 + 4nd many indices k’. Since (1 + 4nd)n < K, we will never run out of
unfrozen indices. O

1.2 Ignorance of PP

The decision tree version of PP, called PP, is simply polynomial threshold functions with bounded
magnitudes. We provide a formal definition:



Definition 3. A PPY decision tree M : {0,1}" — {0,1} is specified by a polynomial P : {0,1}" — Z
such that M(x) = 1 if and only if P(x) > 0. (By replacing P with 2P — 1, we may assume that P(x) # 0
for every x € {0,1}".) The degree of M is the degree of P, and the magnitude of M is the smallest
integer N such that |P(z)| < N for every z € {0,1}".

Theorem 4 ([Aar06]). Let n,m, K, N,d be the following parameters such that K > cn?dlog N for some
large universal constant c.

n m K N d

no. of dec. trees | length of each string | no. of strings | magnitude | degree

Let Dy, Do, ..., D, be PP decision trees of degree d and magnitude N. Then there exist x1,x2,...,XK €
{0,1}™ and an indezx k € [K] such that D;(x1~K) are ignorant of xy, in the following sense: For every
T € {0,1}™, if we replace x) with T and denote the obtained mK-bit input as &, then D;(z) = D;(x)
for every i € [n].

Proof. Again, we start with z = 0" for all k. Then we proceed by steps, where in each step we make
some changes to z1.x. Again, let 2* = (z!,... 2% ) denote the string z;.x at the t-th step.
To measure our progress, we need to define a potential function as follows. Let P; : {0, 1}mK — 7

denote the polynomial underlying D;. For each i € [n], b € {1} and 0 <[ <log N, define
Gipa(x) =223+ (2" +b- Py(x))%

The potential function measuring our progress would be

Q(z) := I1 Qi b (T)-

i€[n),be{+1},0<I<log N

In each step (say the ¢-th step), if there is no index k such that the input 2/~! and the index k satisfies
the conclusion of our theorem, then we will modify #!~! into x’ such that Q(x') > 2Q(x'~!). Since for
each 4,b,1, we have 1/8 < ¢;3;(x) < O(N?), it follows that —O(nlog N) < logQ(z) < O(nlog? N).
Hence, there will be at most O(nlog? N) steps.

Now we specify each step. At the beginning of the ¢-th step, we have an input 2!~! = (wtl_l, e ,artlgl).
We say that k € [K] is sensitive to ¢ € [n], if we can flip the sign of P; by changing xf;l in some way
(and keep everything else unchanged). That is, there exists &, € {0,1}™ such that if we let # = 2'~! and
replace | ' with #, then M;(z'~') # M;(%). By definition, if there exists a k € [K] that is not sensitive
to any 7 € [n], then we are done.

Therefore, we consider the case that every k € [K] is sensitive to some i € [n]. We start by picking
a “heavy” i: there is some i € [n] such that at least K/n many indices k are sensitive to i. Let
ki,ka, ..., ki be these indices. For each index kj, there is a string Zj; such that the following holds: if
we let 27 = 2'~! and replace (&), with &y, then M;(2'~") # M;(27).

To monitor the potential function Q(x), let us decompose Q(z) as the product of two functions:
q(z) == gips(z), and v(x) := Q(x)/q(z) (everything else). Here, b = —sign(P;(z!~')) and [ is the smallest
integer such that |P;(2!~1)| < 2!. Then we have the following facts:

Fact 5. ¢(zt71) < 3.2%73,

Proof. q(a'™) = 2273 4 (2! 4+ b- Py(a'71))? < 2278 42272 < 3. 9278, o
Fact 6. For every j € [K/n], q(27) > 9- 223,

Proof. q(i7) = 22173 + (21 4 b- Py(37))%? > 22173 4 220 > 9. 2213, .

Fact 7. For every x € {0, 1}mK} q(z) > 9203 .



Recall that our goal is to find some x € {0, 1} such that Q(x) > 2Q(x'~1). After finding such z,
we can set 2! <+ x and continue the next step.
Suppose that there is some j € [K/n] such that v(27) > (2/3) - v(2!~1). Then we are done since

Q@) = (@) - v(#7) = 3q(«"") - (2/3)u(a"") = 2Q(="Y).

Otherwise, we use the following lemma of Nisan and Szegedy ([NS94], see also [Aar06, Lemma 1]):

Lemma 8. Let p: {0, 1}N — R be a real multilinear polynomial of degree at most \/]V/?, and suppose
that |p(z)| < 2[p(0N)| for every = € {0, 1} with Hamming weight 1. Then there exists some z € {0, 1}V
such that |p(x)| > 6|p(0N)].

The idea is to change not one, but many sensitive indices k;. Let y € {0, 1}K/™ denote the set of
sensitive indices we change. Define an input 2¥ as follows: start with #¥ = 2!~!, and for every j € [K/n]
such that y; = 1, replace (2¥)y, with @,. Let w(y) = v(2¥), it is easy to observe that:

Fact 9. w is a polynomial of degree O(ndlog N) over y.

Proof. Note that each bit of Z¥ is a degree-1 polynomial over y, and that v is a polynomial of degree
O(ndlog N) over z¥. o

Also note that for every y € {0,1}%/" of Hamming weight 1, we have w(y) = v(i/) for some j,
and w is always positive over {0, 1}%/", hence |w(y)| < (2/3)|w(05/™)] = (2/3)v(2*"). Now, since
K > cn?dlog N, we have O(ndlog N) < /K/n/7, and we can invoke Theorem 8 and obtain some
y € {0, 1}5/™ such that w(y) > 6w(05/™) = 6v(z!~'). Then we are done since

Q) = q(@") - o(#) > (1/3)q(a""") - u(a'™") > 2Q(a' ).

It follows that for every x!~!, either there is a k not sensitive to every i (in which we obtain what we
want), or there is some z! with Q(z!) > 2Q(2'~1). Hence the theorem is proved. O

2 Almost-Everywhere Circuit Upper Bounds in Relativized Worlds

Theorem 10 ([BFT98]). There is an oracle O such that pr-MATIME®[2"] C SIZE®[O(n)].

Proof. Let My, Ms, ..., M;,... be an enumeration of MATIME[2"] machines (this is a syntactical enu-
meration, i.e., some Mio might not satisfy the promise of MA computation). The interface of M; is
MP (z,y;r), where x € {0,1}" is the input string, y € {0,1}2" is Merlin’s proof, and r € {0,1}2" is the
internal randomness. We say M (z) = 1 if there exists y such that Pr,[MP(z,y;r) = 1] > 2/3, say
MP(x) = 0 if for every y, Pr,[MP (z,y;r) = 1] < 1/3, and say M (z) = L otherwise.

The oracle O receives inputs of the following form: (a1,as,...,ap, x,i). Here, for each j € [,
la;| = 5-27; 2071 < |z| < 2% and i € [|z]]. We will also construct a sequence of strings af,as, ..., a}, ...,
where each a; has length exactly 5 - 2! such that the following holds:

For each n € N, i < n, and x € {0,1}", let £ be the smallest integer such that n < 2¢. Then:
o if MP(x) =1, then O(a},as,...,a;,z,i) = 1;
o if MP(z) =0, then O(aj,as,...,a},z,i) = 0.

It is clear that the above implies pr-MATIME®[2"] C SIZE®[O(n)]. Let L € pr-MATIME®[2"] be
decided by the machine M;, then for every m > i, a circuit for L on input length n works as follows:
Let ¢ be the smallest integer such that n < 2¢, hardcode aj,as,...,a;, and on input x € {0,1}", return
O(ai,...,a;,x,1).



Now we construct the strings {a}}. Our construction works in stages. For each ¢ > 1, the ¢-th stage
will construct a; given aj,...,a;_;. We will guarantee that at the end of the /-th stage, every entry of
O of the form

O(aj, a3, ...,a;_1,a;,ap ;... ap,x' i) where £’ > ¢ (1)

is not fixed, and every entry not of this form is fixed. We will also guarantee that at the end of the ¢-th
stage, every MP(z) where 2671 < |z| < 2¢ and i < |z| will be fixed in the following sense: there is a bit
ans(i, ) such that no matter how we modify the entries in Equation 1 in the future, M (x) # 1—ans(i, z)
always holds.

Suppose that the strings a7, ..., a;_; are already constructed, we want to construct a;. We enumerate
every 2671 < n < 20, i € [n], and = € {0,1}™. Bach (i,z) induces an MAY decision tree MP(x). Values
n,1,x are hardcoded in the decision tree, and the input of this decision tree consists of the portions of O
on inputs of the following form:

* * * !/ / / ! /
O(aj,as,...,a;_1,ap, Gy qs. .. ap, & ,0') where £’ > ¢ —1.

fixed arbitrary

We partition these inputs into K := 252" plocks according to aj. For each a; € {0, 1}5'26, the aj-th block
consists of the portions of O on inputs of the following form:

* * * !/ / / !l /
O(al,as,...,ap_1,a), 8y 1. .. ap, & ,0') where £’ > ¢ —1.

~
fixed arbitrary

Note that each block has length m < 22". Also note that each M (z) has disjunction fan-in S < 22"
and decision tree depth d < 2. There are at most n/ := 22125_1 41 n2" < 92°++1 \MAYt decision trees
we need to consider.

Now, since K > (1 + 4n’d)n’, we invoke Theorem 2 and obtain an oracle O and an index aj such
that the following holds. There exists a function ans that maps each (i, z) into a bit, such that for every
oracle O that is the same as O except on inputs of the following form:

* * * * / / ! ! U
O(al,CLQ,...,ag_l,a%,aﬁ_i_l,...,a@/,x,Z) Whereé >£—1, (2)

fixed arbitrary

and for every (i,z), we have MP' (x) # 1 — ans(i, ).
Hence, we fix every input of O not of the form Equation 2. We are free to modify inputs of the form
Equation 2 in the future and it will never happen that M (z) = 1 — ans(n,i,z). We also fix

O(CLT, CL;, e ,a’g, x, ’L) = CL’I’LS(?:, ZE)
for every (i,x). Now, the unfixed portion of O is exactly Equation 1 and this concludes the ¢-th step. [

I believe that using the same argument, we can show a relativized world where PTIME®[2"] C
SIZEC[O(n)].

Remark 11 (Bounded Relativization). In Theorem 2, we can find x1,x9, ..., 2 in poly(mnKSd) time
with a PH oracle. However, in the oracle construction in Theorem 10, we need to feed Theorem 2 with
instances of length m < 22".1 Therefore, the trivial upper bound on the complexity of @ is only doubly
exponential time with PH oracles.

!The instance length is doubly exponential because we want exponential-time MA classes to have small circuits. If we

want super-polynomial time MA classes to have small circuits, we still need instances of length gn )
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